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Intriguing issues in one-dimensional non-reciprocal topological systems include the breakdown of
usual bulk-edge correspondence and the occurrence of half-integer topological invariants. In order
to understand these unusual topological properties, we investigate the topological phase diagrams
and the zero-mode edge states of a generalized non-reciprocal Su-Schrieffer-Heeger model, based
on some analytical results. Meanwhile, we provide a concise geometrical interpretation of the bulk
topological invariants in terms of two independent winding numbers and also give an alternative
interpretation related to the linking properties of curves in three-dimensional space. For the system
under the open boundary condition, we construct analytically the wavefunctions of zero-mode edge
states by properly considering a hidden symmetry of the system and the normalization condition
with the use of biorthogonal eigenvectors. Our analytical results directly give the phase boundary
for the existence of zero-mode edge states and unveil clearly the evolution behavior of edge states.
In comparison with results via exact diagonalization of finite-size systems, we find our analytical
results agree with the numerical results very well.
I. INTRODUCTION
A characteristic feature of topological systems is the
existence of robust edge states immune to symmetry-
preserving perturbations [1–3]. In general, the emergence
of edge states under the open boundary condition (OBC)
is attributed to the existence of a nontrivial topological
invariant in the bulk system, which is referred to as the
bulk-boundary correspondence [1, 2]. Recently much at-
tention has been drawn to non-Hermitian topological sys-
tems [4–20], which can be viewed as a direct generaliza-
tion of topological band systems by releasing the Hermi-
tian constraint [10, 21–23]. Non-Hermitian systems have
been found to be good candidates for describing some
open non-equilibrium quantum systems [24–27], photonic
and acoustic systems with gain and loss [28–35] and elec-
tronic circuits [36–39]. It has been demonstrated that
the non-Hermitian systems display some peculiar prop-
erties without Hermitian correspondence, e.g., complex
eigenvalues, biorthogonal eigenvectors and the existence
of exception points, etc [8, 40–56]. For topological non-
Hermitian systems, recent studies have unveiled that the
bulk-boundary correspondence does not always hold true
[13, 14, 56], the unusual bulk-boundary correspondence
and non-Hermitian skin effect may emerge in some non-
reciprocal systems [14, 37].
Despite its simplicity, the Su-Schrieffer-Heeger (SSH)
model [57] and its extensions [58, 59] have attracted ex-
tensive studies in the past decades as it can be used as a
playground for illustrating rich topological phenomena.
∗Corresponding author: schen@iphy.ac.cn
Recently, a non-Hermitian SSH model with chiral sym-
metry was proposed [9, 17] and it is shown that this
model displays rich phase diagrams with phases char-
acterized by half-integer topological numbers [9]. While
a geometrical interpretation of bulk topological invariant
is given in Ref.[9, 18], further studies of the model un-
der the OBC unveil the existence of non-Hermitian skin
states and breakdown of the conventional bulk-boundary
correspondence [14], i.e., the region characterized by the
nontrivial bulk topological invariant is different from the
region for the existence of zero-mode edge states. The un-
usual bulk-boundary correspondence has stimulated in-
tensive studies on the underlying physical meanings and
reasons [37, 60–73].
In order to understand the breakdown of conventional
bulk-boundary correspondence in non-Hermitian topo-
logical systems, one of the key issues is the understanding
of the fate of zero mode edge states in the presence of non-
reciprocal hopping processes, which may induce the non-
Hermitian skin effect. By considering the semi-infinite
boundary condition, it was demonstrated that the exis-
tence of left and right zero-mode edge states is consistent
with the bulk topological numbers [9], which however is
contradicted to numerical results via the diagonalization
of finite-size systems [14, 16]. This contradiction suggests
that the semi-infinite zero mode solutions no longer hold
true for the finite-size system. When a finite-size chain is
considered, the left and right zero-mode edge states are
coupled together accompanying with the opening of a fi-
nite gap. Although the numerical results have unveiled
the discrepancy between non-Hermitian zero-mode states
and the conventional zero-mode states, it is still puz-
zling to understand why the semi-infinite solutions fails
to match the numerical solution of finite-size system even
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2in the large size limit, as it should be in the conventional
Hermitian counterpart. Furthermore, the skin effect sug-
gests the zero-mode states are either on the left or the
right boundary, and thus it is still a puzzling problem
for understanding the transition process from a unified
zero-mode solution.
To get a deep understanding for the fate of zero-mode
edge states in a finite non-reciprocal topological system,
it is highly desirable to explore an analytical form of zero-
mode states which can help us clarify the puzzling prob-
lems and give quantitative predication of wavefuntions
and finite-size gap which is consistent with the numer-
ical results. To this end, in this work we study a gen-
eralized non-reciprocal Su-Schrieffer-Heeger model and
give an analytical form of ansatz wavefuntions, which
are taken as the superposition of semi-definite zero-mode
solutions. By analyzing the symmetry of the system, we
find that the existence of a hidden symmetry plays an
important role in fixing the form of superposition coef-
ficients. Taking account of the hidden symmetry and
normalization condition by using biorthogonal eigenvec-
tors, our zero-mode wavefunctions are uniquely deter-
mined without any variational parameter. In comparison
with results via numerical diagonalization of finite-size
systems, we show that our analytical results agree with
the numerical results very well.
The paper is organized as follows. In Sec. II, we intro-
duce the generalized non-reciprocal Su-Schrieffer-Heeger
model and determine its phase diagram via the calcu-
lation of topological invariant. The general geometrical
meaning of topological invariants in momentum k space
is also discussed. In Sec.III, we focus on the study of
the zero mode edge state under OBC. We give analyt-
ically the condition for occurrence of zero mode edge
states, and give explicitly the analytical expression of
zero-mode edge states at the finite-size system by en-
forcing the wavefunctions to fulfill the hidden symmetry
of the system. A summary is given in Sec. IV.
II. MODEL, TOPOLOGICAL INVARIANT AND
PHASE DIAGRAM
Consider a general non-reciprocal one-dimensional
(1D) non-Hermitian model described by
H =
∑
n
t1L|n,A〉〈n,B|+ t2R|n,A〉〈n− 1, B|
+ t1R|n,B〉〈n,A|+ t2L|n,B〉〈n+ 1, A|,
(1)
where t1(2)R(L) is the right (left) intra (inter)-hopping
amplitude as shown schematically in Fig.1(a), A (B) rep-
resents the sublattice labels and n indicates the n-th cell
of the lattice. For the system under the periodic bound-
ary condition (PBC), it is convenient to get the Hamilto-
nian in the momentum space, which can be represented
as
H(k) =
∑
k
ψ†kh(k)ψk, (2)
where ψk = (〈k,A|, 〈k,B|)T , and
h(k) =
(
0 h+(k)
h−(k) 0
)
, (3)
with
h+(k) = t1L + t2Re
−ik,
h−(k) = t1R + t2Leik.
(4)
Eq.(3) can be alternatively written as
h(k) = hx(k)σx + hy(k)σy(k), (5)
with h+ = hx − ihy and h− = hx + ihy. It is obvious
that the Hamiltonian satisfies the chiral symmetry
Uh(k)U † = −h(k),
with unitary matrix U = σz. The model Eq.(1) can be
viewed as a generalized non-reciprocal SSH model with
the most general form. When t2L = t2R, the model re-
duces to the non-Hermitian SSH model studied in previ-
ous references [9, 14]. If both t1L = t1R and t2L = t2R are
fulfilled, the model reduces to the standard SSH model
[57].
It is straightforward to see that the eigenvalues E1,2 of
h(k) fulfill
E21,2(k) = h+(k) · h−(k), (6)
where the eigenvalue satisfies E1 = −E2. The eigenval-
ues are generally complex and the corresponding eigen-
vectors are given by |ψ1,2〉 = 1/
√
2
(
h+/E1, ±1
)T
where +1 and −1 corresponding to |ψ1〉 and |ψ2〉, re-
spectively. It’s easy to find that the relevant left vector
〈φ1,2|, which fulfills 〈φ1,2|h†(k) = E1,2〈φ1,2|, is given by
〈φ1,2| = 1/
√
2
(
h−/E1, ±1
)
. The biorthogonal eigen-
vectors fulfill 〈φi|ψj〉 = δi,j with i, j = 1, 2. The topolog-
ical invariance related to Berry phase is
νs,j =
1
pi
∫
d〈φj |i∂k|ψj〉,
A
B
( )
+
hRe
( )
+
hIm
+
ϕ
( )
−
hRe
( )
−
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FIG. 1: (a) Schematic diagram of the generalized non-
reciprocal SSH model. (b) Geometric configurations of topo-
logical invariants ν± corresponding to ν+ = 0 and ν− = 1.
The trajectory of h±(k) forms a close curve either encircling
or not encircling around the origin point when the momentum
k goes across the Brillouin region.
3where the subscript j = 1, 2 represents the band index.
It is easy to check νs,1 = νs,2, thus we can omit the band
index. After some algebras, we can represent νs as
νs =
1
2
(ν− − ν+), (7)
where
ν± =
1
2pi
∮
∂kϕ±dk, (8)
and the angles ϕ± is defined by h± = |h±|eiϕ± or alter-
natively by
tanϕ± =
Im(h±(k))
Re(h±(k))
, (9)
as schematically displayed in Fig.1(b). In terms of ν±, it
is straightforward that the winding of energy
νE =
1
2pi
∫
dk∂kArg(E1,2)
can be also be represented as
νE =
1
2
(ν+ + ν−). (10)
Next we discuss the geometrical interpretation of the
topological invariants. From Eq.(6), we can see that
h+ = 0 and h− = 0 correspond to two exception points
of the chiral non-Hermitian system. When k goes cross
the Brillouin region, the trajectory of h±(k) projected
in the two-dimensional space spanned by Re(h±(k)) and
Im(h±(k)) forms a closed curve, either encircling or not
around the origin as shown like Fig.1(b). According to
the definition of Eq.(8), ν+ and ν− denote the winding
numbers of the closed curves encircling the exceptional
points h+ = 0 and h− = 0, respectively.
For the generalized non-reciprocal SSH model, after
some straightforward calculations (see the detail in Ap-
pendix.A), we can get the topological invariant ν± given
by
ν+ =
1
2
{sgn(t1L − t2R)− sgn(t1L + t2R)},
ν− =
1
2
{sgn(t1R + t2L)− sgn(t1R − t2L)},
(11)
where the sign function sgn(x) = 1 for x > 0 and
sgn(x) = −1 for x < 0. In Fig.2(a), we show the phase
diagram of the model (Eq.(1)) with different phases char-
acterized by different ν±. The phase diagram is plotted
in the parameter space spanned by t1R/t2L and t1L/t2R,
and the different topological invariant (ν+, ν−) is marked
on Fig.2(a). Due to the existence of chiral symmetry, the
phase boundaries (|t1R/t2L| = |t1L/t2R| = 1) correspond
to the band touching points determined by E1,2 = 0.
Before going to study the zero-mode edge states in the
next section, we would like to provide an alternative geo-
metrical interpretation, which is naturally related to the
previous work [9]. To this end, we represent ϕ± in terms
of hx and hy as
tanϕ+ = −Re(hy)− Im(hx)
Re(hx) + Im(hy)
, (12)
tanϕ− = +
Re(hy) + Im(hx)
Re(hx)− Im(hy) , (13)
similar to the definition in the previous reference [9].
When the momentum k goes cross the Brillouin zone,
the trajectory of the real part of Hamiltonian forms a
closed curve, which is described by{
x = Re(hx(k))
y = Re(hy(k))
,
as displayed in Fig.3 by the black curve. Similarly, we can
plot the trajectories of the imaginary part of Hamiltonian
described by{
x = −Im(hy(k))
y = +Im(hx(k))
and
{
x = +Im(hy(k))
y = −Im(hx(k)) ,
which also form closed curves as shown in Fig.3 by the
purple and red dashed curves, respectively. It is shown
that ν± can describe the linking properties of two in-
terwinding closed curves corresponding to trajectories of
the real part and imaginary part of the Hamiltonian.
Fig.3(a), (b) and (d) correspond to the cases with the
winding number (ν+, ν−) = (−1, 1), (−1, 0) and (0, 0),
respectively. The phases with different winding numbers
are topologically different and the interwinding curves
can not transform continuously without crossing each
other. As shown in Fig.3(c), two closed curves cross at
one of the exception point, at which Re(hx) = −Im(hy)
and Re(hy) = Im(hx) or equivalently h+ = 0. When
t2L = t2R, the trajectories of the imaginary part of the
-2
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FIG. 2: Phase diagram for the system under the PBC (a) or
OBC (b). (a) Topologically different phases are characterized
by topological invariants (ν+, ν−). Phase boundaries are de-
noted by the black lines, which are also the band touching
lines. (b) Topological or trivial phase is characterized by the
existence or absence of zero-mode edge states with the phase
boundaries denoted by the blue curves. The red dashed lines
distinguish the skin effect of bulk states, which are located at
the left or right edge in the area below or above the line.
4Hamiltonian do not change with k, and it is convenient to
project the trajectories into the two-dimensional space,
consistent with the previous study (see the Appendix A).
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FIG. 3: Geometric configurations of ‘real’ and ‘imaginary’
curves demonstrate the linking properties of the curves can be
described by the topological invariants ν±. While the black
solid curve represents the trajectory of real part of Hamil-
tonian described by (x=Re(hx(k)), y=Re(hy(k))), the pur-
ple/red dashed curve denotes the trajectory of imaginary part
described by (x = ∓Im(hy(k))), y = ±Im(hx(k))). The cor-
responding winding number (ν+, ν−) is marked on (a), (b)
and (d), respectively. The parameters (t1L, t1R, t2L, t2R) are
(0.6,0.5,0.8,1) in (a), (0.6,0.9,0.8,1) in (b), (1,1.1,0.8,1) in (c)
and (1.2,1.1,0.8,1) in (d). The crossing point of the ‘real’ and
‘imaginary’ curves in (c) is the exceptional points.
III. ZERO MODE EDGE STATES
Considering the system under the open boundary con-
dition, it is convenient to represent the state |n,A〉 and
|n,B〉 as product of vectors defined in the space of posi-
tion n = (1, 2, ..L) and sublattice A and B, i.e., |n〉 ⊗ |ξ〉
with |ξa〉 = (1, 0)T and |ξb〉 = (0, 1)T corresponding to
the A and B sublattice. In terms of these terminologies
[71], the Hamiltonian under the OBC can be rewritten
as
H˜ = I⊗
(
0 t1L
t1R 0
)
+Sˆ⊗
(
0 t2R
0 0
)
+Sˆ†⊗
(
0 0
t2L 0
)
, (14)
with unit operator I, backward and forward translation
operators defined by Sˆ|i〉 = |i + 1〉 and Sˆ†|i〉 = |i − 1〉,
respectively. Explicitly, we have Sˆ =
∑
n |n + 1〉〈n| and
Sˆ† =
∑
n |n− 1〉〈n|.
If we consider the semi-infinite limit from the left
boundary, we can get the zero-mode eigenstate of the
form:
|ψa〉 = 1/Na
L−1∑
n=1
βn−1a |n〉 ⊗ |ξa〉, (15)
with |ξa〉 = (1, 0)T and βa = −t1R/t2L (see Appendix B).
Similarly, the zero-mode eigenstate of H˜† is given by
|φa〉 = 1/Na
L−1∑
n=1
β′n−1a |n〉 ⊗ |ξa〉,
with β′a = −t1L/t2R. The normalization constant is
determined by 〈φa|ψa〉 = 1, which gives rise to Na =√
(1− (β′aβa)L)/(1− β′aβa). From Eq.(15), we see that
the state is an edge state exponentially decaying from the
left boundary as long as |βa| < 1, i.e.,∣∣∣∣ t1Rt2L
∣∣∣∣ < 1. (16)
The requirement that the normalization constant should
be a finite number gives an additional constraint condi-
tion |βaβ′a| < 1, i.e.,
|t1Lt1R| < |t2Lt2R|. (17)
Only when both Eq.(16) and (17) are fulfilled, the left
zero mode solution exits.
In the same way, considering the semi-infinite limit
from the right boundary, we have the right zero-mode
state of the following form:
|ψb〉 = 1/Nb
L−1∑
n=0
βnb |L− n〉 ⊗ |ξb〉, (18)
with |ξb〉 = (0, 1)T and βb = −t1L/t2R = β′a. Similarly,
we have the zero-mode eigenstate of H†
|φb〉 = 1/Nb
L−1∑
n=0
β′b
n|L− n〉 ⊗ |ξb〉,
where β′b = −t1R/t2L = βa and the normalization con-
stant Nb =
√
(1− (β′bβb)L)/(1− β′bβb) = Na is deter-
mined by 〈φ|ψ〉 = 1. Eq.(18) suggests that the state
is an edge state exponentially decaying from the right
boundary as long as |βb| < 1, i.e.,∣∣∣∣ t1Lt2R
∣∣∣∣ < 1. (19)
The requirement that the normalization constant should
be a finite number gives an additional constraint con-
dition |βbβ′b| < 1, which is identical to Eq.(17) due to|βbβ′b| = |βaβ′a|. Only when both Eq.(19) and (17) are
fulfilled, the right zero mode solution exits.
From the above discussion, it is known that regions for
the existence of zero mode edge states are determined by∣∣∣∣ t1Rt2L × t1Lt2R
∣∣∣∣ < 1. (20)
By using the above equation, we can determine the
phase boundaries of the system under OBC, as shown
5in Fig.2(b). When t2L = t2R, our results are consistent
with the boundary conditions obtained by Kunst et. al
[16]. The zero mode states |ψa(b)〉 distributes only at the
A (or B) sublattice and is the eigenstate of the system
only when L → ∞. For a finite-size system, these zero
mode states are no longer eigenstates of the system. In
general, the left and right edge states couple together and
open a tiny gap due to the finite-size effect.
To see the finite size effect, we numerically diagonal-
ize the Hamiltonian with different sizes of L. As shown
in Fig.4 (a), the degeneracy of zero modes is lifted ac-
companying with the opening of a finite gap. To get an
intuitive understanding of the fate of zero modes, we take
the wave-function of the finite size system as the super-
position of left and right edge states, i.e.,
|ψ〉 = |ψa〉+ c|ψb〉, (21)
where c is a constant which can be determined by con-
sidering the symmetry of the system. To see it clearly,
we notice that there exists a hidden symmetry for the
non-Hermitian Hamiltonian. We find that the operator
P , defined by
P =
L∑
n=1
rL−2n+1|L− n+ 1〉〈n| ⊗
(
0 α−1
α 0
)
, (22)
with r =
√
t1Rt2R/t1Lt2L and α =
√
t1R/t1L, commu-
tates with H˜, i.e., [P, H˜] = 0. In other words, the
non-degenerate eigenvector of the non-Hermitian Hamil-
tonian H˜ should be simultaneously the eigenvector of the
operator P . Therefore, we require the ansatz wave func-
tions to be the eigenfuntion of the operator P , which fixes
the parameter c in Eq.(21) and leads to
|ψ1〉 = 1√〈φ1|ψ1〉 (|ψa〉+ rL−1 · α|ψb〉),
|ψ2〉 = 1√〈φ2|ψ2〉 (|ψa〉 − rL−1 · α|ψb〉),
〈φ1| = 1√〈φ1|ψ1〉 (rL−1 · α〈φa|+ 〈φb|),
〈φ2| = 1√〈φ2|ψ2〉 (rL−1 · α〈φa| − 〈φb|),
(23)
with 〈φi|ψi′〉 = δii′ (i, i′ = 1, 2) and 〈φi|H|ψi′〉 = 0 for
i 6= i′. It is easy to check that P 2 = I and P |ψ1〉 = |ψ1〉
and P |ψ2〉 = −|ψ2〉 (see detail in Appendix C). In the
limit case with t1,2 = t
′
1,2, our model reduces to the SSH
model and the operator P is reduced to an inverse oper-
ator. By using Eq.(23), it is straightforward to calculate
E1,2 = 〈φ1,2|H˜|ψ1,2〉,
where we have E1 = −E2 and the energy splitting is
given by ∆E = E1 − E2. After some algebras, we can
get
∆E =
2
√
t1Lt1R
N 2a
×
(√
t1Rt1L
t2Lt2R
)L−1
, (24)
FIG. 4: (a) The spectra of the generalized non-reciprocal SSH
model under OBC. The red curves represent the system with
the length L = 10 and the black ones with L = 50; (b) The
finite-size gap ∆E versus 1/L for various t1L/t2R = 0.4, 0.8,
1.2 and 1.6. (c) ∆E versus t1L/t2R for various L. While dots
represent the numerical results, lines denote results obtained
analytically. The parameter t1R/t2L = 0.5 is fixed.
and the 1/N 2a = (1 − (t1Lt1R/t2Lt2R))/(1 −
(t1Lt1R/t2Lt2R)
L). And only when the system sat-
isfies the condition |t1Lt1R| < |t2Lt2R|, the trial wave
functions |ψ1,2〉 makes sense. Meantime, the zero-energy
deviation ∆E decays exponentially with increasing
length L, the decay rate is inversely proportional to
t1Lt2L/t1Rt2R as shown in Fig.4(b,c). Comparing the
gap sizes given by Eq.(24) with the numerical results
obtained by exact diagonalization, we find that they
agree very well as shown in Figs. 4(b) and 4(c).
In order to test the accuracy of ansatz wavefuntions,
next we compare them with the numerical results. In
Figs.5(a1)-(a3), we show the distributions of zero mode
states |〈n|ψ1,2〉| with t1L/t2R = 0.4, 0.5 and 0.8, respec-
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FIG. 5: (a1)-(a3) The distribution of zero mode states |ψ1,2〉
with t1L/t2R = 0.4 (a1), t1L/t2R = 0.5 (a2), t1L/t2R = 0.8
(a3), obtained numerically (dots) and analytically (lines); (b)
The ratio χ versus L with different t1L/t2R obtained numer-
ically (dots) and analytically (lines). The number marked in
(b) represents the value of t1L/t2R for the corresponding line.
The parameter t1R/t2L = 0.5 is fixed.
6tively, obtained by both analytical and numerical calcu-
lation. It is shown that they match very well. To describe
the different probability distribution between at site 1, A
and at site L,B, we define the ratio χ1,2 by
χ1,2 =
|〈1, A|ψ1,2〉|
|〈L,B|ψ1,2〉| .
From the analytical forms of zero-mode wavefuntions, we
see χ1 = χ2 = χ. Numerically, we also find no difference
for χ1 and χ2. By using Eq.(23), it then follows
χ =
(
t1L
t1R
) 1
2
(
t1Lt2L
t1Rt2R
)L−1
2
. (25)
From the above expression, we see that the zero mode
wavefunction would be located at the left or right
edge depending on |t1L/t2R| > |t1R/t2L| (Fig.5(a1)) or
|t1L/t2R| < |t1R/t2L|(Fig.5(a3)). When |t1L/t2R| =
|t1R/t2L|(Fig.5(a2)), corresponding to the red imaginary
line in Fig.2(b), there is no skin effect and distribution
of |ψa〉 and |ψb〉 is comparable. In Fig.5(b), we show χ
versus L both analytically and numerically with different
values of t1L/t2R by fixing the parameter t1R/t2L = 0.5,
which clearly indicates a transition from the right to left
edge state.
Although |ψa,b〉 are always coupled together according
to the finite size solutions, we can extract them from
|ψ1,2〉 via |ψa〉 ∝ |ψ1〉 + |ψ2〉 and |ψb〉 ∝ |ψ1〉 − |ψ2〉.
To see how the modes of |ψa,b〉 changes with t1L/t2R,
we define the inverse participation ratios (IPR) for the
modes (IPRa,b) as
IPRi =
L∑
n=1
|〈n|ψi〉|4
|〈φi|ψi〉|2 ,
where i = a, b and 〈n| = 〈n,A| + 〈n,B|, and plot the
IPR versus t1L/t2R in Fig.6(a) by fixing t1R/t2L = 0.5.
While the value of IPR for an ideal localized state ap-
proaches 1, it approaches zero for an extended state.
When t1R/t2L is fixed at 0.5, IPR of the mode |ψa〉
is not changed with t1L/t2R, with the corresponding
wavefunction localized at the left edge. On the other
hand, the IPR of the mode |ψb〉 displays a deep dive at
t1L/t2R = 1. As shown in Fig.6(a), |ψb〉 undergoes a
transition from the right edge state to left edge state,
whereas the mode becomes an extended state at the
transition point t1L/t2R = 1. Such a transition can be
also predicted by analyzing the analytical solutions. In
Fig.6(b–d), we also display the population distribution
Nˆ , which is given by 〈Nˆ〉 = 〈ψi|Nˆ |ψi〉/〈ψi|ψi〉 where
Nˆ = |n,A〉〈n,A| + |n,B〉〈n,B|, with n = 1, 2, ..., L and
i = a, b. For |ψa〉 and |ψb〉, the numerical results indi-
cate that log〈Nˆ〉/n are proportional to 2log|t1R/t2L| and
2log|t2R/t1L|, respectively, as shown in Fig.6(b-d), con-
sistent with our analytical results.
According to the previous analysis, the symmetry P
ensures that the form of zero-mode states |ψ1,2〉 in the
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FIG. 6: (a) The IPR of two edge modes |ψa〉 and |ψb〉 with the
red and blue curves corresponding to |ψa〉 and |ψb〉, respec-
tively. (b-d) The population distributions of edge modes with
the red and blue dots corresponding to |ψa〉 and |ψb〉, respec-
tively. The dots are the numerical results and the lines rep-
resent the theoretical fitting. The numbers marked in (b-d)
represent the slop of numerical fitting. While the parameter
t1R/t2L = 0.5 is fixed, t1L/t2R is marked in each figure.
finite-size system is always superposed by |ψa,b〉, and we
can not solely observe the transition process of the mode
|ψa,b〉. However, when the open system terminates with
an A (B) site at both ends, i.e. the total number of
sites is odd and the symmetry P is broken, we find that
there is always a zero-mode state |ψ0〉 = |ψa(b)〉 with en-
ergy E = 0, whose wave function only distributes on the
A (B) sublattice [60, 72]. According to Eq.(15), the zero-
mode state |ψa〉 distributes only on the sublattice A and
〈n|ψa〉 is proportional to (t1R/t2L)n−1 , which suggests
the distribution of zero mode state would change from
left to right edge when the parameter t1R/t2L crosses
over the the transition point |t1R/t2L| = 1 from below.
At the transition point, the zero mode wavefuntion would
spread over all the lattice. This is verified by the numer-
ical results as shown in Fig.7, where the IPR of |ψa〉
takes a minimal value at |t1R/t2L| = 1. Such an anoma-
lous zero mode state at the transition point has also been
numerically observed in Ref. [60]. Similarly, for the open
system terminates with the B site at both ends, we can
observe a similar transition at |t1L/t2R| = 1. An alter-
native study of the zero mode state under the OBC via
similarity transformation can be found in Appendix D.
IV. SUMMARY
In summary, we studied a generalized non-reciprocal
Su-Schrieffer-Heeger model and determined its phase di-
agram under both the periodical and open boundary con-
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FIG. 7: (a) The IPR of the edge state |ψa〉 for the open system
terminated with A site at both ends. (b-d) represent the posi-
tion distribution of 〈n|ψa〉. Parameters (t1R, t2L) are (0.25,1)
(b), (1,1) (c) and (2,1) (d). The dots and lines represent the
numerical and analytical results, respectively.
ditions via the calculation of topological invariant and
zero-mode edge states, respectively. The general geo-
metrical meaning of topological invariants in momentum
k space is also discussed. We give two different inter-
pretations in terms of winding number and linking prop-
erties of curves in the three-dimensional space, respec-
tively. Taking account of the normalization condition
properly by using the biorthogonal eigenvectors, we give
analytically the condition for the occurrence of zero mode
edge states under the OBC. Then we construct explicitly
the analytical expression of zero-mode edge states for the
finite-size system by enforcing the wavefunctions to fulfill
the hidden symmetry of the system. By using the ana-
lytical wavefunctions, we calculate the gap size of zero
energy splitting and study the evolution of zero mode
states. Our analytical results are found to agree very
well with the numerical results via exact diagonalization
of finite-size systems.
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Appendix A: The topological invariance
In non-Hermitian system, the topological invariance
related to the Berry phase can be defined as
νs,n =
1
pi
∫
dk〈φn|i∂k|ψn〉,
where |ψ(φ)n〉 represents n-th right (left)-eigenvectors of
H(k) with n being the band index. The topological in-
variance νs,1 can be represented as
νs,1 =
1
pi
∫
dkA1,k,
with
A1,k = 〈φ1|i∂k|ψ1〉,
=
1
2
(
h−/E1 1
)
i∂k
(
h+/E1
1
)
,
=
i
4
h−∂kh+ − h+∂kh−
E21
,
=
i
4
(∂kInh+ − ∂kInh−).
Since h± are generally complex, they can be written as
h± = |h±|eiϕ± , and thus the topological invariance νs,1
is simplified to
νs,1 =
1
4pi
∫
dk(−∂kϕ+ + ∂kϕ−), (A1)
=
1
2
(ν− − ν+). (A2)
In the same way, the topological invariance νs,2 is found
to be equal to νs,1, i.e., (νs,2 = νs,1). For the winding
number νE of eigenvalues E1,2, it’s easy to find νE =
(ν+ + ν−)/2, i.e.,
νE =
1
2pi
∫
dk∂kArg(E1.2)
=
1
4pi
∫
dk∂kArg(h+ · h−)
=
1
4pi
∫
dk∂k(ϕ+ + ϕ−)
=
1
2
(ν+ + ν−).
It is clear both the topological invariance νs,1(2) and νE
of the Hamiltonian with chiral symmetry can be split into
two parts ν+ and ν−, which denote the winding numbers
of the trajectories of (Reh±(k), Imh±(k)) encircling the
exceptional points h+ = 0 and h− = 0, respectively.
Similar to Ref.[17, 18], the topological invariant ν± can
be written as
ν± =
1
2
∑
i
(sgn(
∂Im(h±)
∂k
|k=Ki) · sgn(Re(h±)(Ki)),
with Ki is the i−th solution of Im(h±) = 0. For the
Hamiltonian described by Eq.(4), its easy to get a sim-
plified form of ν±,
ν+ =
1
2
{sgn(t1L − t2R)− sgn(t1L + t2R)},
ν− =
1
2
{sgn(t1R + t2L)− sgn(t1R − t2L)}.
8Since h± can be described by h± = hx ± ihy (hx,y =
〈σx,y〉), ϕ± can be also defined by Eq.(12) and Eq. (13).
If we redefine ϕ1 = ϕ− and ϕ2 = −ϕ+, we have
tanϕ1 =
Re(hy) + Im(hx)
Re(hx)− Im(hy) ,
tanϕ2 =
Re(hy)− Im(hx)
Re(hx) + Im(hy)
,
which is identical to the definition in our previous work
[9]. Also, we have ν− = ν1 and ν+ = −ν2, which lead to
νs =
1
2
(ν1 + ν2),
νE =
1
2
(ν1 − ν2),
consistent with the previous work [9], where ν1,2 =
1
2pi
∮
∂kϕ1,2dk.
As shown in Fig.3, the linking of the ‘real’
curve (Re(hx(k)), Re(hy(k)))with ‘imaginary’ curves
(∓Im(hy(k)), ±Im(hx(k))) gives a direct interpretation
in terms of winding number (ν+, ν−) or equivalently
(ν1, ν2). When t2L = t2R, Im(hx,y) are independent
of the momentum k and thus the ‘imaginary’ curves
(∓Im(hy),±Im(hx)) become two straight lines as shown
in Fig.8 (a1)-(c1). The corresponding plane projections
of the curves are shown in Fig.8 (a2)-(c2), demonstrat-
ing that the geometrical relationship about the ‘real’ and
‘imaginary’ curves can be well described by the winding
number on the projected plane as in the previous work
[9]. However, for the general case with t2L 6= t2R, since
the imaginary parts of Hamiltonian Im(hx,y) are func-
tions of momentum k, the plane projections of ‘imagi-
nary’ curves form also closed curve, and there may exit
‘fake’ intersection between the projected ‘real’ and ‘imag-
inary’ curves although they do not interwind in the three-
dimensional space. So it is more natural to see the link-
ing properties of the ‘real’ and ‘imaginary’ curves in the
three-dimensional parameter space to describe the topo-
logical properties of the general non-reciprocal two-band
systems with chiral symmetry.
Appendix B: zero mode edge state in the
semi-infinite system
Consider the non-Hermitian lattice model
H˜ = I⊗
(
0 t1L
t1R 0
)
+ Sˆ⊗
(
0 t2R
0 0
)
+ Sˆ†⊗
(
0 0
t2L 0
)
,
(B1)
with unit operator I, backward and forward translation
operators Sˆ|i〉 = |i+1〉, Sˆ†|i〉 = |i−1〉. As S†i,j = 〈i|Sˆ|j〉 =
δi,j+1 and S
†
i,j = 〈i|Sˆ†|j〉 = δi,j−1. The corresponding
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FIG. 8: Geometric configurations of topological invariants
ν± for the system with parameters t2L = t2R = 1. While
the black solid curve represents the trajectory of real part of
Hamiltonian described by (x=Re(hx(k)), y=Re(hy(k))), the
purple/red dashed curve denotes the trajectory of imaginary
part described by (x = ∓Im(hy), y = 0), which is independent
of k. The top views of (a1-c1) are shown in (a2-c2). The
other parameters (t1L, t1R) are (0.6,0.5) in (a1,a2); (0.6,1.1)
in (b1,b2); (1.5,1.1) in (c1,c2). Angles (ϕ+, ϕ−) marked in
(a2-c2) are corresponding to the angles in Fig.1(b).
matrices are,
S =

0 0
1 0 0
1 0 0
1 0
. . .
. . .
. . .
 ; S
† =

0 1
0 0 1
0 0 1
0 0
. . .
. . .
. . .
.
with dimension L. The system is divided into two sub-
systems: position n = (1, 2, ..L) and sublattice A,B.
Using the ansatz |ψ˜〉 = 1/N∑Ln=1 βn−1|n〉 ⊗ |ξ〉,|φ˜〉 =
1/N∑Ln=1 β′n−1|n〉 ⊗ |ξ〉 with normalization constant
N = √(1− (β′β)L)/(1− β′β) and the information of
sublattice A/B, |ξ〉 we have H˜|ψ˜〉 = E|ψ˜〉 , H˜†|φ˜〉 =
E∗|φ˜〉 and 〈φ˜|ψ˜〉 = 1, the Shro¨dinger equation for the
real space system leads the relations for the bulk (1 <
n < N):(
0 t1L + t2Rβ
−1
t1R + t2Lβ 0
)
|ξ〉 = E|ξ〉, (B2)
where E2 = (t1L + t2Rβ
−1)(t1R + t2Lβ). And for the
boundary at n = 1 ,we have(
0 t1L
t1R + t2Lβ 0
)
|ξ〉 = E|ξ〉, (B3)
9where E2 = t1L(t1R + t2Lβ). And the energy of
Eq.(B2,B3) need to be consistent with each other. Com-
paring the difference between these two relations n (1 <
n < L) Eq.(B2) and n = 1 Eq.(B3), we can get the zero
mode state
|ψa〉 = 1/Na
Na∑
n=1
βn−1a |n〉 ⊗ |ξa〉,
with |ξa〉 = (1, 0)T, βa = −t1R/t2L, β′a = −t1L/t2R and
Na =
√
(1− (β′aβa)L)/(1− β′aβa) under the condition
of |t1Lt1R| < |t2Lt2R| and the length L→∞.
In the same way, considering the semi-infinite limit
from the right boundary, we have the right zero-mode
state of the following form:
|ψb〉 = 1/Nb
L−1∑
n=0
βnb |L− n〉 ⊗ |ξb〉, (B4)
with |ξb〉 = (0, 1)T and βb = −t1L/t2R = β′a and
Nb = Na under the condition of |t1Lt1R| < |t2Lt2R| and
the length L → ∞. When the semi-infinite boundary
condition is considered, we get two zero-mode states dis-
tributing only on the A (or B) sublattice, according to
βa = −t1R/t2L and βb = −t1L/t2R, respectively. When
|βa| = |βb|−1 (|t1Lt1R| = |t2Lt2R|), the system has the
transition point. Considering the constraints, only when
|t1Lt1R| < |t2Lt2R| and the length of the system L→∞,
the system has zero mode states |ψa,b〉. And for indepen-
dent zero mode states |ψa,b〉, any linear combination of
|ψa,b〉 is still the zero mode solution of this Hamiltonian
(Eq.(14)).
Appendix C: A hidden symmetry of the system
under the OBC
The Hamiltonian under the OBC can be rewritten as
H˜ =
∑
n=1
|n〉〈n| ⊗
(
0 t1L
t1R 0
)
+ |n〉〈n− 1| ⊗
(
0 t2R
0 0
)
+ |n〉〈n+ 1| ⊗
(
0 0
t2L 0
)
,
identical to Eq.(14). It is noticed that there exists a
hidden symmetry for the non-Hermitian Hamiltonian.
Given the operator P , defined by
P =
L∑
n=1
rL−2n+1|L− n+ 1〉〈n| ⊗
(
0 α−1
α 0
)
.
with r =
√
t1Rt2R/t1Lt2L and α =
√
t1R/t1L, we can see
that the operator P satisfies
P 2 =
∑
n,m
rL−2n+1|L− n+ 1〉〈n| ⊗
(
0 α−1
α 0
)
×rL−2m+1|L−m+ 1〉〈m| ⊗
(
0 α−1
α 0
)
=
∑
n,m
r2L−2n−2m+2|L− n+ 1〉〈n|L−m+ 1〉〈m| ⊗
(
1 0
0 1
)
=
∑
n
|L− n+ 1〉〈L− n+ 1| ⊗
(
1 0
0 1
)
= unit matrix.
Also, we have P † 6= P . Next we prove that the Hamilto-
nian satisfies P H˜P = H˜ as follows:
10
P H˜P =
L∑
n=1
rL−2n+1|L− n+ 1〉〈n| ⊗
(
0 α−1
α 0
)
×
[
L∑
n′=1
|n′〉〈n′| ⊗
(
0 t1L
t1R 0
)
+
L∑
n′=2
|n′〉〈n′ − 1| ⊗
(
0 t2R
0 0
)
+
L−1∑
n′=1
|n′〉〈n′ + 1| ⊗
(
0 0
t2L 0
)]
×
L∑
m=1
rL−2m+1|L−m+ 1〉〈m| ⊗
(
0 α−1
α 0
)
=
L∑
n=1
|n〉〈n| ⊗
(
0 t1L
t1R 0
)
+
L∑
n=2
|L− n+ 1〉〈L− n+ 2| ⊗
(
0 0
t2L 0
)
+
L−1∑
n=0
|L− n+ 1〉〈L− n| ⊗
(
0 t2R
0 0
)
=
L∑
m=1
|m〉〈m| ⊗
(
0 t1L
t1R 0
)
+
L−1∑
m=1
|m〉〈m+ 1| ⊗
(
0 0
t2L 0
)
+
L∑
m=2
|m〉〈m− 1| ⊗
(
0 t2R
0 0
)
= H˜.
The zero mode states of semi-infinite Hamiltonian are
|ψa〉 = 1/Na
L−1∑
n=1
βn−1a |n〉 ⊗ |ξa〉,
with |ξa〉 = (1, 0)T and βa = −t1R/t2L, and
|ψb〉 = 1/Na
L−1∑
n=0
βnb |L− n〉 ⊗ |ξb〉,
with |ξb〉 = (0, 1)T and βb = −t1L/t2R = β′a. It is
straightforward to get
P |ψa〉 =
L∑
n=1
rL−2n+1|L− n+ 1〉〈n| ⊗
(
0 α−1
α 0
)
·
(
1/Na
L−1∑
n′=1
βn
′−1
a |n′〉 ⊗ |ξa〉
)
= α/Na
∑
n,n′
rL−2n+1βn
′−1
a |L− n+ 1〉δn,n′ ⊗ |ξb〉
= α/Na
∑
n
rL−2n+1βn−1a |L− n+ 1〉 ⊗ |ξb〉
= α/Na
∑
n
√
βa/βb
L−2n+1
βn−1a |L− n+ 1〉 ⊗ |ξb〉
= α/Na
∑
n
rL−1βn−1b |L− n+ 1〉 ⊗ |ξb〉
= rL−1 · α/Na
L−1∑
m=0
βmb |L−m〉 ⊗ |ξb〉
= α · rL−1|ψb〉.
In the same way, we have:
P |ψb〉 = α
−1
rL−1
· |ψa〉.
As a result, the operator P satisfies P |ψa〉 = α · rL−1|ψb〉
and P (α · rL−1|ψb〉) = |ψa〉 . Given
|ψ1〉 = |ψa〉+ α · rL−1|ψb〉, (C1)
|ψ2〉 = |ψa〉 − α · rL−1|ψb〉, (C2)
11
with α =
√
t1R/t1L and r =
√
t1Rt2L/t1Lt2R, we can
obtain
P |ψ1〉 = |ψ1〉, (C3)
P |ψ2〉 = −|ψ2〉. (C4)
By using Eq.(23), it is straightforward to calculate
E1(2) = 〈φ1(2)|H˜|ψ1(2)〉,
=
1
〈φ1(2)|ψ1(2)〉 (r
L−1 · α〈φa|+ (−)〈φb)|
·H˜(|ψa〉+ (−)rL−1 · α|ψb〉)
where 〈φa|H˜|ψa〉 = 〈φb|H˜|ψb〉 = 0, 〈φ1(2)|ψ1(2)〉 =
2αrL−1 and
〈φb|H˜|ψa〉 = t1RβL−1a /N 2a ,
〈φa|H˜|ψb〉 = t1LβL−1b /N 2a .
The specific calculation process is as follows:
〈φb|H˜|ψa〉 = 〈φb|
[
L∑
n′=1
|n′〉〈n′| ⊗
(
0 t1L
t1R 0
)
+
L∑
n′=2
|n′〉〈n′ − 1| ⊗
(
0 t2R
0 0
)
+
L−1∑
n′=1
|n′〉〈n′ + 1| ⊗
(
0 0
t2L 0
)]
·
(
1/Na
L−1∑
n=1
βn−1a |n〉 ⊗ |ξa〉
)
= 〈φb|1/Na
∑
n
t1Rβ
n−1
a |n〉 ⊗ |ξb〉+ t2Lβn−1a |n− 1〉 ⊗ |ξb〉
= (1/Na
∑
m
βma 〈L−m| ⊗ 〈ξb|) · (1/Na
∑
n
t1Rβ
n−1
a |n〉 ⊗ |ξb〉+ t2Lβn−1a |n− 1〉 ⊗ |ξb〉
= βL−1a /N 2a (t1RL− t1R(L− 1))
= t1Rβ
L−1
a /N 2a ,
〈φa|H˜|ψb〉 = 〈φa|
[
L∑
n′=1
|n′〉〈n′| ⊗
(
0 t1L
t1R 0
)
+
L∑
n′=2
|n′〉〈n′ − 1| ⊗
(
0 t2R
0 0
)
+
L−1∑
n′=1
|n′〉〈n′ + 1| ⊗
(
0 0
t2L 0
)]
·
(
1/Na
L−1∑
n=1
βnb |L− n〉 ⊗ |ξb〉
)
= 〈φb|1/Na
∑
n
t1Lβ
n
b |L− n〉 ⊗ |ξa〉+ t2Rβnb |L− n+ 1〉 ⊗ |ξa〉
= (1/Na
∑
m
βm−1b 〈m| ⊗ 〈ξb|) · (1/Na
∑
n
t1Lβ
n
b |L− n〉 ⊗ |ξa〉+ t2Rβnb |L− n+ 1〉 ⊗ |ξa〉)
= t1Lβ
L−1
b /N 2a (L− (L− 1))
= t1Lβ
L−1
b /N 2a .
With simplification, we get
E1 = =
1
2rL−1 · α (r
2L−2 · α2〈φa|H˜|ψb〉+ 〈φb|H˜|ψa〉)
=
1
rL−1 · α (t1Rβ
L−1
a /N 2a )
=
√
t1Lt1R
√
βaβb
L−1
/N 2a
=
√
t1Lt1R
N 2a
√
t1Lt1R
t2Lt2R
L−1
.
In the same way, we can obtain the E2 = −E1. So the
energy splitting at finite size L is given by ∆E = E1−E2,
which reads
∆E =
2
√
t1Lt1R
N 2a
√
t1Lt1R
t2Lt2R
L−1
. (C5)
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Appendix D: Solution of non-Hermitian model
under the OBC via similarity transformation
To understand the bulk states in the non-Hermitian
SSH model, the non-Hermitian matrix H˜ can be trans-
formed to a Hermitian one via a similarity transformation
V = ρ⊗ ρs ,
H ′ = V −1H˜V,
= I⊗√t1Lt1Rσx + 1
2
(S + S†)⊗√t2Lt2Rσx
+
1
2i
(S − S†)⊗√t2Lt2Rσy,
where
V = diag(1, r, r2, ....)⊗
(
1 0
0
√
t1R/t1L
)
,
with r =
√
t1Rt2R/t1Lt2L.
For the Hermitian Hamiltonian H ′, the eigenvectors
|ψ′m〉 fulfill H ′|ψ′m〉 = Emψ′m (m = 1, 2, ..2L). They are
related to the non-Hermitian eigenvectors via |ψm〉 =
V |ψ′m〉, where H˜|ψm〉 = Em|ψm〉. While the bulk state
of the Hermitian case has a small value of IPR, the
skin phase should have a larger value of IPR due to its
boundary-localization nature (similarity transformation
V ).
Alternatively, we can also understand the fate of zero-
mode edge states in the scheme of the similarity trans-
formation. For a Hermitian SSH model, it is known that
there exist zero-energy edge states only when |t1Lt1R| <
|t2Lt2R|, the zero mode edge state |ψ′a,b〉 with β′′a =
−√t1Lt1R/t2Lt2R = β′′b , whereupon the |ψa,b〉 = V |ψ′a,b〉
is exponentially decaying from one boundary with ratio
βa = −t1R/t2L, βb = −t1L/t2R. And the ‘zero’ mode
states could be written as |ψ′1,2〉 ∝ |ψ′a〉 ± |ψ′b〉, the ratio
χ′ = 1, then it’s easy to obtain |ψ1,2〉 = V |ψ′1,2〉 and ratio
χ =
√
t1L/t1R · (1/r)L−1. Comparing with the analysis
in the main text, the different methods give the same re-
sults.
For the open system terminated with the A (B) site
at both ends, i.e. the total number of sites is odd,
the reflection symmetry of the Hermitian Hamiltonian
H ′ is broken and there is always a zero-mode state
|ψ′0〉 = |ψ′a(b)〉 with energy E = 0, whose wave function
only distributes on the A (B) sublattice. According to
analytical analysis, the zero-mode state |ψ′a〉 distributes
only on the sublattice A and |〈n|ψ′a〉| is proportional to
(
√
t1Lt1R/t2Lt2R)
n−1 , which suggests the distribution
of zero mode state would change from left (the inset
of Fig.9(a1–a4)) to right (the inset of Fig.9(a6))edge
when the parameter t1Lt1R/t2Lt2R crosses over the the
transition point |t1Lt1R/t2Lt2R| = 1 from below. At
the transition point, the zero mode wavefuntion would
spread over all the lattice (the inset of Fig.9(a6)).
This is verified by the numerical results as shown in
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FIG. 9: The contrast of zero mode state for the non-
Hermitian system H˜ with that of the Hermitian system H ′.
Profile of a zero mode of non-Hermitian system H˜ (main fig-
ure) and Hermitian systemH ′ (inset) in subgraph(a1–a6). (b)
The IPR of zero mode state for the open system terminated
with the A site at both ends. The black curve represents the
zero mode |ψa〉 of H˜ and the gray one represents the zero mode
|ψ′a〉 of H ′. While the parameters (t1L, t2L, t2R) = (0.5, 0.5, 1)
are fixed, the parameter t1R takes 0.1 (a1); 0.3 (a2); 0.5 (a3);
0.7 (a4); 1 (a5) and 1.3 (a6), respectively.
Fig.9(gray), where the IPR of |ψ′a〉 takes a minimal value
at |t1Lt1R/t2Lt2R| = 1 like the gray curve in Fig.9(b).
By using the similarity transition, the zero-mode state
|ψ0〉 of the non-Hermitian system can be obtained by
|ψa〉 = V |ψ′a〉, which distributes only on the sub-
lattice A. Accordingly. |〈n|ψa〉| is proportional to
(r
√
t1Lt1R/t2Lt2R)
n−1 = (t1R/t2L)n−1, which suggests
the distribution of zero mode state would change from
left (the main figure of Fig.9(a1) and (a2)) to right (the
main figure of Fig.9(a4)-(a6)) edge when the parameter
t1R/t2L crosses over the transition point |t1R/t2L| = 1
from below. At the transition point, the zero mode wave-
funtion would spread over all the lattice as shown in the
main figure of Fig.9(a3). This is verified by the numerical
results as shown in Fig.9, where the IPR of |ψa〉 takes a
minimal value at |t1R/t2L| = 1.
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